In this paper we apply to alternative algebras a definition of representation given by S. Eilenberg for nonassociative algebras satisfying multilinear identities. The corresponding alternative module generalizes the notion of a two-sided Sl-module as used in the study of associative algebras.
Our chief object is to use the representation theory to obtain the generalization to alternative algebras of the theorem of A. Malcev on the strict conjugacy of semisimple components in Wedderburn decompositions. Since every alternative algebra gives rise to a (special) Jordan algebra, and every representation yields (Jordan) representations of this algebra, we can use recent results of N. Jacobson on representations of Jordan algebras. Doing this restricts our principal theorems to algebras of characteristic 0. Following certain preliminaries concerning derivations and associators, we prove the complete reducibility of representations of semisimple alternative algebras. We next prove the first Whitehead lemma for alternative algebras, generalizing G. Hochschild's result for associative algebras. This is sufficient to prove the Malcev theorem in case the square of the radical is {0 {. For all other types of algebras for which this theorem is known (Lie, associative, and Jordan), an inductive argument then suffices to complete the proof for an arbitrary radical. In the case of alternative algebras, however, without a stronger form of the Whitehead lemma a certain associativity condition would invalidate the inductive argument.
Using the complete reducibility, we prove that this stronger form holds, and employ it in the proof of the Malcev theorem.
In the concluding section we prove a generalization of a theorem due to Hochschild which, although independent of the representation theory, is related to our other results: an alternative algebra (of characteristic 0) is semisimple if and only if its derivation algebra is semisimple or {0}.
We are indebted to Professor Jacobson for allowing us to see his paper, General representation theory of Jordan algebras, in manuscript form, and also for giving us valuable advice in connection with the proof of Theorem 2.
1. Representations and semidirect sums. A (nonassociative) algebra SI over a field F is called alternative in case (1) x{yy) = (xy)y, {yy)x = y{yx)
for all x, y in SI. Clearly every associative algebra is alternative. Linearization
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[January of the identities (1) yields the fact that the associator (2) (x, y, z) = (xy)z -x(yz) "alternates" : it changes sign under an odd permutation of the letters x, y, z, but remains unchanged under an even permutation.
The most economical statement of this fact is (3) (x, y, z) = -(y, x, z) = (z, x, y)
for all x, y, z in 31. If the characteristic of F is not two, then the identities (3) define an alternative algebra. Let 23 be a vector space over F. Following Eilenberg [3, §2] for all x, z in SI, v in 23, where the associator is defined as in (2) except that one argument is in 23. The identities (5) are equivalent to the assumption that every associator with one argument in 23 and two in 31 "alternates."
It cannot be reduced to the equality of three terms (as in (3)) because the arguments do not enter symmetrically.
The concept of an alternative module is a generalization of that of a two-sided 3I-module(3) for associative algebras 31. It should be noted that, even if a particular alternative algebra 31 is associative, an alternative module for 31 need not be a two-sided 3I-moduIe; in the latter case all of the associators (5) would vanish (4) . Every alternative algebra 31 over F has a representation; namely, the regular representation (R, L) where Rx and Lx are the right and left multiplications defined respectively by y-^yx and y-*xy for all y in 31. In this case 31 itself is the alternative module. We have the identities
(2) Numbers in brackets refer to the references cited at the end of the paper. (4) For example, let 21 be a quaternion subalgebra of a Cayley algebra (L Then E is generated by Si and an element z such that (x, y, z) ^0 for some x, y in St. Hence S is an alternative module for ÎT, but not a two-sided Si-module. 
is a derivation of 3Ï for all x, z in 3IV and hence (6) We take this opportunity to remark that, whereas in [lO] we proved that these derivations have the form (17), it is easy to see that they have the more special form (13). We have shown this for the Cayley components [10, Theorem 6] . For the associative components the conclusion follows from (25) and (12) . See also Theorem 5
is a derivation of SI.
If SI is any nonassociative algebra over F, then the subset ® of 31 consisting of all g in 31 satisfying (14) (*, y, g) = (at, g, y) = (g, x, y) = 0,
for all x, y in 31, is easily seen to be a subalgebra of 31. R. H. Brück and E. Kleinfeld [2] have recently called this subalgebra the nucleus of 3Í, and we shall adopt their terminology.
For an alternative algebra 21, (14) becomes
for all x, y in 21.
In any nonassociative algebra 2Í, we call the subspace *$ which is spanned by the associators (x, y, z) in 21 the associator subspace of 21. For any derivation D we have
It follows that the associator subspace $ of 21 is characteristic; that is, tyD ^ty for any D. Also the nucleus ® of any nonassociative algebra is characteristic, as may be seen by replacing x, y, z in (15) in turn by g in ®.
For any g in ©, (16) D=R"-Lg is a derivation of 21, as may be verified by the same simple computation which establishes this fact for associative algebras. In the case of alternative algebras we have the converse. Lemma 1. If SI is an alternative algebra of characteristic not three, and if (16) is a derivation of 31, then g is in the nucleus ® of 31.
For (8) implies (x, y, g) + (g, x, y)-(x, g, y)~3(x, y, g)=0 for all x, y in Sí.
We shall call any derivation of an alternative algebra 31 which is a sum
an inner derivation of SI(7). In any nonassociative algebra the identity
That neither (16) nor (13) may be suppressed in our definition is seen from the following examples. If 31 is an associative, but not commutative, algebra for which 2l3= ¡0|, then every derivation (13) is 0, while some derivation (16) is not. If ?I is a Cayley algebra, then every derivation (16) is 0, while every derivation of ?I is of the form (13).
holds [13, (1.2)]. Therefore, in an alternative algebra 31, we have (x, yz, t) = -(yz, x, t) + (t, yz, x) -(x, t, yz) =2(y, z, xt) -y(z, x, t) -(y, z, x)t-t(y, z, x) -(t, y, z)x -x(t, y, z) -(x, t, y)z by (18). Interchanging x and /, and subtracting, we have 2(x, yz, t) =2(y, z, [x, t])-2y(z, x, t) + 2(t, x, y)z or, if the characteristic of F is not two (8),
Interchange y and z in (19) and subtract to obtain
Lemma 2. Let 31 be an alternative algebra of characteristic not two, with nucleus ® and associator subspace ty. Then
for all x in 31, g in ®, and
for all p in $, g in ®.
To obtain (21) we put t=g in (19). It is sufficient to prove (22) for any associator p = (t, x, y). In view of (21), this follows by putting z = g in (20). for all y, y', y" in 31.
Clearly (/, y", yg) = (y', y", y)g, and (y', y", gy) = (gy, y', y") =g(y, y', y"). But [y, g] in ® by (21) implies (/, y", yg) = (y', y", gy).
The structure of semisimple alternative algebras is well known. Any such algebra is the direct sum of simple ideals which are either associative or are Cayley-Dickson algebras over their centers [9, §l](9). For brevity we shall refer to any simple alternative algebra which is not associative as a Cayley algebra even though its center is not F.
An alternative algebra © is called separable in case it is semisimple for all scalar extensions; equivalently, © is a semisimple algebra in which each simple component has a separable center. It follows that if the characteristic (8) It has subsequently come to our attention that an identity equivalent to (19) is proved in [2, (2.9) ]. Since the proof there makes no assumption on the characteristic, formula (20) and Lemmas 2 and 3 are valid for arbitrary F. Also our formula (21) is implied by [2, Lemma 3.2 (i)]. (9) The center of a nonassociative algebra is the set of all elements c in the nucleus for which [x, c]=0 for every x. The center is a characteristic subalgebra, and in the case of a simple alternative algebra is a field.
Because © is separable, we may take the base field F to be algebraically closed, so that the center of each simple component is F. A direct sum argument reduces the proof to the case where © is simple. If © is associative, then (24) is trivial since © = © and ty = {0} ; also in this case (25) is well known. If © is a Cayley algebra, then © =$ =eF where e is the unity element of ©, and it is readily verified that '$ = ©' is the subspace consisting of elements of trace 0.
Lemma 5. Let 23 be an alternative algebra of characteristic not two, and let S be a Cayley subalgebra of 23. If the center of S is separable, then S is mapped into {o} by every inner derivation o/23 of the form (16).
We first remark that S is generated by its associator subspace ^30 = £n^3. For, since 6 is separable, it is sufficient to verify this in case F is algebraically closed, in which case dim 6 = 8 = l+dim ^30 by (24). If "¡ßo does not generate S, then tyo is itself a subalgebra. But then (24) implies that ^So is an ideal of S, a contradiction, since ß is simple. Hence $o generates S, and it follows from (22) The fact that ¿7(9?)* is nilpotent may be verified by only a slight modification of the proof of [9, Lemma l]. Formulas for 5 and T analogous to (9) and (10) For proof, we observe that 31+ is a semisimple Jordan algebra and that 5+ defined by (7) In the proof of the Malcev theorem in the next section, we shall require a stronger form of the first Whitehead lemma for alternative algebras. 5. The Malcev theorem. We have shown in [9] that the Wedderburn principal theorem for associative algebras generalizes to alternative algebras over an arbitrary field F. That is, if 31 is an alternative algebra with radical 9?, and if 3Í/9? is separable, then 31 may be expressed as the direct sum (37) 21 = © + 9?, where © is a separable subalgebra of 21 isomorphic to 2Í/9?. The subalgebra © in the Wedderburn decomposition (37) need not be unique but if 2l = ©i + 9? is another such decomposition, then Malcev has shown that, in case 21 is associative, ©i can be mapped onto © by an inner automorphism of 31 of a special type [8 . Theorem 2] . We shall generalize his result to the case of alternative algebras, but only for those of characteristic 0. For, following the proofs of Harish-Chandra The radical of 31 is 9? = (z\, z2, zs) and 31 = e7"+9? is a Wedderburn decomposition of 31. The nucleus of SI is W = z%F. Now 31= SI/9?2 is associative. Hence Zi in 9? = 9?/9?2 is in the nucleus of 3(, but there is no g in zi such that g is in the nucleus of 31.
It is to circumvent this difficulty with the passage from the nucleus of SI to the nucleus of 31 that we have established Theorem 4. This would be unnecessary in case 9?2 = {0}, for then (29) suffices for the proof. Let 0 be the algebraic closure of the base field. Since 31 is of characteristic O,-the radical of Sin is 9?¡¡. Thus, it is sufficient to prove that (ci, c2, z) = 0 in case the base field is algebraically closed. But then any c in 3 is a linear combination of pairwise orthogonal idempotents e¡, and (x, y, z) = (ci, Ci, z) is a linear combination of associators (e¿, e¡, z) which are all zero [12, §2] . Hence (x, y,z)=0 for all x, y in 31, z in 9?. for any derivation D of 21. Since 9? is characteristic by Lemma 6, 35s ? is an ideal of 3). Moreover, since 9? is nilpotent, 3)9? is solvable. Then, 3) being semisimple or {0}, we have 35?! = {0}, or (42) holds for all x in 31 and z in 9?. By Lemma 9, the nucleus ® of 31 contains 9?. Therefore Rz -Lz is a derivation of SI for every z in 9?. Let 35« now be the set of all Rz -Lz with z in 9?. As before, SDsî is a solvable ideal of 35, and therefore is {o}. Hence (6) is semisimple or {o}. But then 6 is semisimple by Hochschild's theorem, and its radical 9? is {o}.
That is, 31 is semisimple.
